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Abstract. The retarded dispersion interaction (Casimir interaction) between two dilute dielectric 
media at high temperatures is considered. The excited atoms are taken into account. It is shown 
that the perturbation technique can not be applied to this problem due to divergence of integrals. A 
non perturbative approach based on kinetic Green functions is implemented. We consider 
interaction between two atoms (one of them is excited) embedded in an absorbing dielectric 
medium. We take into account the possible absorption of photons in the medium, which solves the 
problem of divergence. The force between two plane dilute dielectric media is calculated at pair 
interaction approximation.  We show that the result of quantum electrodynamics differs from the 
Lifshitz formula for dilute gas media at high temperatures (if the number of exited atoms is 
significant). According to quantum electrodynamics, the interaction may be either attractive or 
repulsive depending on the temperature and the density numbers of the media.   
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I.Introduction. 
The dispersion forces – the electromagnetic forces between neutral unpolarized objects – has been widely 
studied since 1930, when Fritz London considered interaction between two ground-state atoms [1].  He 
attributed the attraction between two atoms to the fluctuations of their dipole moments. Later in 1948 
Casimir and Polder considered the so-called retarded regime of interaction, where the finite velocity of 
light should be taken into account. They showed that the dispersion interaction for large distances 
between the atoms is due to vacuum fluctuations of electromagnetic field [2]. The dispersion interaction 
between two metal plates at zero temperature was considered by Casimir in 1948 [3]. Later these results 
were generalized to dispersion interaction between dielectric or metal macroscopic media at finite 
temperatures by E.M.Lifshitz and collaborates [4,5]. The interest to Casimir physics is still growing not 
only due to wide range of applications to various areas of physics, chemistry, and biology, but either due 
to numerous controversies in theoretical description of the effect. For reviews of recent progress and 
controversies in the Casimir physics see [6].  
Dispersion forces play a significant role in understanding of many phenomena in biochemistry [7], these 
forces are responsible for climbing ability of geckos [8] and spiders [9].   
In biophysics a significant role plays the dispersion interaction between excited and ground-state 
molecules and the related Foster resonance energy transfer (FRET) [10].  This interaction is responsible 
for energy transfer from chlorophyll molecules to photosynthesis centers [11]. FRET can serve as 
biophysical ruler. The rate of FRET indicates the distance between the molecules [12,13]. Singe-molecule 
studies are used to probe biomolecules and polymers [14]. The FRET process plays a significant role in 
energy exchange in proteins [15]. Some aspects of the excited systems out of equilibrium applied to 
FRET and dispersion forces are discussed in [16]. 
Recently dispersion interaction between two gas medium containing excited atoms was considered in 
[17]. The author studied only the non-retarded regime of the distances small in comparison with the 
wavelengths of atom transitions. It was shown that the Lifshitz formula for interaction between dilute gas 
media at temperatures high enough for the medium to contain excited atoms is in contradiction with 
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experimental evidence [17, 18]. We should stress here that the Lifshitz formula was intended for 
macroscopic continuous media, but not for dilute gases. If the amount of excited atoms in the dilute 
medium is negligible, the results obtained with the help of Lifshitz formula coincide with the ones 
obtained using quantum electrodynamics. But if the amount of excited atoms is significant the results of 
two approaches do not coincide [17].  As it was shown in [17], the interaction between an excited atom 
and a dilute medium of ground-state atoms is resonant; the atom may either be attracted or repulsed by 
the medium depending on the frequencies of the excited atom and the atoms of the medium. The 
interaction may be up to several orders of magnitude more intense than the interaction between a ground-
state atom and the medium. These properties of the interaction are in the qualitative agreement with the 
experimental evidence obtained by the French group [18] for the interaction between the Cs atoms and 
the sapphire wall.  These results coincide with the theoretical predictions as well [19]    
Here, we consider a general case (including both retarded and non-retarded regimes) of interaction 
between dilute gas media. We demonstrate the violation of the Lifshitz formula for any distances between 
the dilute gas media if the amount of excited atoms is significant. 
In Section II we consider interaction between an excited atom and a ground-state one. We show that the 
perturbation method results in divergence of integrals for the interaction between an excited atom and an 
infinitely stretched cloud of ground-state atoms. We investigate interaction between an excited atom and a 
ground state one embedded in an absorbing dielectric medium using a non-perturbative approach 
developed in [17]. We take into account a possible absorption of photons in the medium. As a result, the 
interaction potential contains exponential factor depending on the imaginary part of the refractive index 
of the medium. Thus, the problem of divergence is solved. 
In Section III we investigate interaction between two medium at high temperatures. We take into account 
thermal radiation. We show that if the amount of excited atoms in both media is significant, the result 
obtained with the help of quantum electrodynamics differs from the one obtained with the help of the 
Lifshitz formula for dilute gas medium at least for our model given by the Hamiltonian (1). 
 
II. Interaction between an excited atom and a ground-state one embedded in a dielectric absorbing 
medium 
We consider interaction between two two-level atoms embedded in an absorbing dielectric medium. Let 
atom A be excited and atom B be in its ground state. First, we suppose that the thermal photons are 
absent.  
The Hamiltonian of the system is as follows 
 intˆ ˆ ˆ ˆ ˆ ˆ ,A B med phH H H H H H= + + + +  (1) 
where †ˆ ˆˆ ,A Ai i i
i
H b b= ε∑ †ˆ ˆˆ B Bi i i
i
H = ε β β∑ , †ˆ ˆ ˆmed medi i i
i
H c c= ε∑  are the Hamiltonians of noninteracting 
atoms A,  B, and the atoms of the medium, iε  is the energy of i-th state of the corresponding atom, 
† † †ˆ ˆ ˆ ˆ ˆ ˆ( ), ( ), ( )i i i i i ib b c cβ β are annihilation (creation) operators of i-th state of corresponding atom, 
( ) 1
2
†
ph
ˆ ˆ ˆH ω λλ
λ
⎛ ⎞= λ α α +⎜ ⎟⎝ ⎠∑ kkk is the Hamiltonian of free electromagnetic field, k is the wave vector, 
λ =1,2,3  is the index of polarization of electromagnetic field, ( )†ˆ ˆλ λα αk k are annihilation (creation) 
operators of electromagnetic field. 
 
The interaction Hamiltonian in the interaction representation is  
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )† † †int l l l l l l ll l lˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆH t x d E x x d x d E x x d x d E x x dνψ ψ χ χν ν ν ν ν= − − ϕ ϕ −∫ ∫ ∫r r r  (2) 
where  
 ( ) Aii ti A i
i
ˆˆ e bψ ψ − ε= −∑ r R , ( ) Bii ti B i
i
ˆˆ e− εϕ = ϕ − β∑ r R , ( ) ( )r R medii tl i m i
i
ˆ ˆx e cχ χ − ε= −∑  (3) 
with ( )i Aψ −r R , ( )i Bϕ −r R , and ( )i mχ −r R being the wave functions of i-th state of corresponding 
atoms. dˆ ν is the operator of dipole moment, ( )Eˆν r is the operator of free electromagnetic field 
 ( ) ( ) ( ) ( )( )2 i t i ti † iˆ ˆ ˆE x i e e e e eV ω ωω − λ λ λν ν −λ λ λλ π λ= α −α∑ kr krk k kk , (4) 
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where V is the quantization volume, eνλk is the polarization unit vector, ( ) ( )3 0k , .ω ω1,2 = =  
mR describes the position of an atom of the dielectric medium, RA  and RB  are radius-vectors 
corresponding to the position of atom A and atom B, { }x ,t= r . 
We suppose that the lifetime of excited state of atom A is long in comparison with the one of atom B, 
thus, we can calculate the interaction potential of the atoms as the energy shift of , say, atom B due to the 
presence of atom A.  
 ( )A B BU E− = ΔR R . (5) 
To calculate the potential, we will use the method of kinetic Green functions applied to quantum 
electrodynamics [17]. 
Let  
( ) ( ) ( )B †ll' c l cl ' ˆˆ ˆ ˆG x,x' i T x x' Sϕ ϕ= −  
be the Green function  of atom B. 
 ( ) ( )
1 2
1 lc c int l
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ˆ ˆ ˆS T exp i H t dt
∞
= −∞
⎧ ⎫⎪ ⎪= −⎨ ⎬⎪ ⎪⎩ ⎭∑ ∫  (6) 
is the scattering operator introduced by Keldysh [20,21], ...  means averaging over initial state of free 
atoms and vacuum state of the electromagnetic field. cTˆ is the operator of time-ordering [20,21]. It acts as 
follows 
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The matrix of density of atom B is 
( ) ( )12B Bx,x' iG x,x'ρ = . 
It can be represented [17] as a sum of contributions of two channels  
( ) ( ) ( ), ' , ' , 'B B Bc nx x x x x xρ = ρ + ρ . 
( ), 'Bc x xρ  represents the so-called coherent channel [22] ( the atom does not change its initial state, e.g. 
elastic scattering), ( ), 'Bn x xρ represents the so-called incoherent channel [22] (the atom changes its initial 
state, e.g. spontaneous decay). For our purpose the incoherent channel plays no role, so we will skip this 
channel.  
The matrix of density of the coherent channel obeys the following equation [17] 
( ) ( ) ( )
( ) ( ) ( )11
, '' '' ,
ˆ , ' ' ',
B
c
B
x x x x
i H x M x x x dx
t
∗Ψ Ψ
Ψ Ψ
ρ =
∂⎛ ⎞− =⎜ ⎟∂⎝ ⎠ ∫
 
Where ( )11 , 'M x x is the mass operator of the system.  
In the pole approximation, the solution of the equation is [17] 
 
( ) ( ) ( ) ( )( )( ) ( )( )
0'
0 0
00 00
11 22
, ', , .
'
i E E t
B BB
c
B B B B
e
E E
E M E M
∗ϕ ϕ=
−
0 0 0 0
− −ρ − ε − ε − ε − ε
r R r' R
r r'  
Where B0ε is the energy of the initial state of atom B (including the Lamb shift), ( )0 r RBϕ −  is the 
eigenfunctions of the initial state of atom B, 0t is the time of switching on the interaction. The mass 
operator is 
 ( ) ( ) ( ) ( )00 *11 1 0 11 1 0 1 1, ,B BM t t M x x d dϕ ϕ= − −∫ r R r R r r  (7) 
And in the energy domain   
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( ) ( ) ( ) ( )'00 0011 11 , ' 'Bi t tBM M t t e d t t0
∞ ε −
0
−∞
ε = −∫ . 
 
Using equation (5) we can express the interaction potential via the real part of the mass operator 
( ) ( )0011ReR RA B B BU E M 0⎡ ⎤− = Δ = ε⎣ ⎦ . 
The imaginary part of the mass operator corresponds to the collisional broadening of the excited level of 
the atom B. 
To find the mass operator we need to expand the scattering matrix (6) and use the Wick theorem [23]. 
Taking into account that for a single atom the normal ordering 
 
( ) ( ) ( ) ( )
2
1
1 2 0
† †
l l l'l
ˆ ˆ ˆ ˆ ˆN x x' x x ... ,ϕ ϕ ϕ ϕ =  
for any order but the second one, while the second order of normal product represents the density matrix 
of initial state of atom 
( ) ( ) ( ) ( ) ( )
2
1
0
B † †
ll
ˆ ˆ ˆ ˆ ˆx,x' N x x' x' x .ρ ϕ ϕ ϕ ϕ= =  
 
As a result, for mass operators we arrive at the following expressions [17] 
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ν ν 0νν
= −
=  (8) 
The vacuum propagators of atom B are [21] 
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 (9) 
a b 
B B
A
Fig.1. Feynman’s diagrams for the mass operator (20). Solid line corresponds to atom 
propagator 0g . Dashed line corresponds to photon propagator 0D . Dashed-dotted line 
represents density matrix 0ρ .  
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The expressions for the Green tensors of the photons read [21] 
 ( ) ( ) ( )0 ' '' 'ˆ ˆ ˆ', i 'll c l l vacD x x T E x E xνν ν ν= . (10) 
The Feynman diagram corresponding to the mass operators (8) are given in Fig.1.a This simplest mass 
operator describes the Lamb shift of atom B due to the interaction with the vacuum.  
Taking into account the higher orders of perturbation technique and summing up an infinite sequence of 
the Feynman diagrams we find [17] 
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B
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=  (11) 
Now ( )11 , 'Bg x x and ( )'11 ',D x xνν are the complete Green functions, which obey the Dyson equation [17,23] 
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The solution of this equation with the mass operator (11) is 
( ) ( ) ( )11 , ,
2
r R r' R
r r' i B i BB
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g E
E i
∗ϕ − ϕ −= γ− ε +
∑ . 
Where Biγ is the width of state i of atom B. 
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Where Π is the polarization operator.  
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1 2v
med
νΠ  is the polarization operator of the medium 
The equation (13) can be rewritten in terms of the Green tensor of photons in the medium 'medD
νν  
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 (15) 
 
medΠ =Π −Π%  is the polarization operator of atom A without the medium.  
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It is convenient to introduce the retarded and advanced Green functions [21,23] 
11 12 21 22
11 21 12 22
,
.
r
a
g g g g g
g g g g g
= − = −
= − = −  
 11 12 21 22
11 21 12 22
,
.
r
a
D D D D D
D D D D D
= − = −
= − = −  (16) 
22 1
1 22 12
,
.
r
a
11 12 2
11 2
Π = Π +Π = Π +Π
Π =Π −Π =Π −Π  
The retarded Green functions have no poles in upper complex plane of energy, while the advanced Green 
functions are analytic in lower plane.  
The vacuum Green tensor of the photons obeys the Dyson equation [23] 
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1 2
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v
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= + Π∑∫ . (17) 
Since the polarization of the medium can be expressed in terms of the permittivity of the medium [24] 
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we can easily write the solution of the equation (17) for infinite homogeneous medium [24] 
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In the frequency-coordinate domain  
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∫
 (18) 
where  
 ( ) ( )n ω ε ω=  (19) 
is the complex refractive index of the medium.  
Substituting (15) and (14) into (11) and taking into account (7), we find 
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(20) 
The Feynman diagrams corresponding to the mass operator (20) are shown in Fig.1 
The diagram in Fig.1(a) describes the interaction of atom B with the electromagnetic vacuum. It 
corresponds to the Lamb shift of the levels of atom B. The diagram in Fig.1(b) describes the energy shift 
of atom B due to the presence of atom A (dispersion interaction). The processes are as follows. The 
excited atom A emits a photon, which is absorbed by atom B, then atom B emits the photon, which, in its 
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turn, is absorbed by the atom A. The final states of atoms do not change. After simple but somewhat 
lengthy calculations, we find  
  
 ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
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∫
∫
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Aω  and Bω  are the transition frequencies of atoms A and B. 
( )Aθ ω is the unit step-function. If atom A is excited  ( ) 1Aθ ω = , if atom A is in its ground state 
( ) 0Aθ ω− = . 
( ) 'c ννα is the so-called coherent polarizability of an atom [23], which describes the coherent scattering of 
light on the atom. 
For the excited atom, the coherent polarizability is 
( ) ( )
' '
'
2 2
eg ge ge egc
e
eg eg
d d d d
i i
ω
−ω ω −ω + ω
ν ν ν ν
ννα = +γ γ− − −
. 
For the ground-state atom 
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'
2 2
ge eg eg gec
g
eg eg
d d d d
i i
ω
ω ω ω + ω
ν ν ν ν
ννα = +γ γ− − −
. 
Where  egω is the transition frequency of the atom.  
 
Formula (21) can be rewritten using the conventional polarizabilities of the atoms  
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Where the conventional polarizabilities are [23] 
 ( )
' '
' ,
2 2
ge eg eg ge
g
eg eg
d d d d
i i
ω
ω ω ω + ω+
ν ν ν ν
ννα = +γ γ− −
 (22) 
 ( )
' '
'
2 2
eg ge ge eg
e
eg eg
d d d d
i i
ω
−ω ω −ω + ω+
ν ν ν ν
ννα = +γ γ− −
. (23) 
After averaging over all possible mutual orientations of dipole moments of atoms, we can write [23] 
 1
1 2
2
3
eg
eg ge
d
d d 2ν ν ν ν→ δ  (24) 
Taking into account the symmetry properties of the Green tensors ( ) ( )*a rD Dω ω=  and 12 0D =  for 
ω > 0 , which could be checked directly using  (10), and using (16), we find 
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Finally, using (18) we have 
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(26) 
We should mention here, that for excited atom the interaction potential can not be expressed only in terms 
of polarizabilities of the medium. The second term of (26) contains only the polarizability of the ground-
state atom, but not of the excited one. The exponent in the second term of (26) is due to possible 
absorption of photons by the medium. 
 
Let us suppose that atoms A and B are in a vacuum. Then we should put ( ) 1n ω = . If we neglect the 
width of excited level of atom B, we will come to the result obtained by E. A. Power and T. 
Thirunamachandran using perturbation technique [25,26].   
For the non-retarded limit ( R λ<< ), where λ  is the wavelength of atom transition,  
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2 2 6
4( ) .
3
A B
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A
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d d
U R
R
ω θ ωω ω= − −  (27) 
For the retarded limit ( R λ>> ), the result is 
 ( ) ( ) ( )
2 2 4
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R2 2Β Α
ω ω θ ωω ω= − −  (28) 
  The most significant features of the formulas (27) and (28) are as follows. As it was shown in [25, 26],  
the interaction between and excited atom and a ground-state one is resonant. It may be either attractive, or 
repulsive depending on the frequencies of the atoms. For the retarded limit ( R λ>> ) the interaction 
potential drops as 2R− with the distance between the atoms, while for two ground-state atoms the 
dependence of the potential on the distance is 7U R−   [2].   
Let us consider interaction between an excited atom and a dilute gas cloud of ground-state atoms. Let the 
interface be a plane. The cloud stretches to infinity. For dilute gas we can take into account only pair 
interactions between the atoms. If we take the expression (28) obtained with the help of perturbation 
technique, we will find 
 ( )
2 2 4
0 22 2
4
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A B
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B A
d d dVU n
R
ω
ω ω= − →∞− ∫ , (29) 
where  0n  is the density number of the medium.  
Thus, we come to the divergence. It means that one should use a non-perturbative approach to calculate 
the force between an excited atom and a dilute medium of ground-state atoms. Namely, we should 
substitute expression (26) into (29) but not the formula(28). 
Let us consider a case of interaction between two ground-state atoms. 
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We should substitute A Aω ω→ −  into (26). The second term disappears.  
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This formula can be rewritten using contour integration  
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For two limiting cases we find 
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α α λ
π
= − >> . (31) 
The expression (30) and (31) coincide with the corresponding formulae, obtained for two ground-state 
atoms embedded in a dielectric [27]. 
Now, let us take into account the thermal radiation in the medium. Such a problem has been solved by 
several authors for a case of two ground-state atoms without dielectric medium [28-33]. 
To obtain the interaction potential at finite temperatures G. Goedecke and R. Wood made a substitution  
 ( )1/ 2 1/ 2kN λ→ +  (32) 
into the potential at zero temperatures [30], where kN λ is the number of photons in the photon mode 
( ),k λ  To simplify our calculation we make the substitution (32) in (26) as well. 
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This result is valid not only under thermal equilibrium, but for any electromagnetic field with the number 
of photons kN λ  in the mode ( ),k λ . 
For a case of thermal equilibrium at temperature T we have ( ) 1 1 coth
2 2
N ωω ⎛ ⎞+ = ⎜ ⎟2Τ⎝ ⎠ .  
Consequently, if excited atom A interacts with ground-state atom B in a surrounding of thermal photons, 
we have 
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 (33) 
For the case of multi level atoms we arrive at 
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Where  0 0
A A A
m mω ε ε= −  is the transition frequency, 0 corresponds to the initial state of atom A, m 
corresponds to virtual state. The polarizabilities of atoms A  (B)  is  
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0 0
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The first term of (33) can be rewritten using contour integration [30] 
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 (36) 
Where  2nu nTπ= is the Matsubara frequency.  
If both atoms are in their ground-state, we should drop the second term. If the medium is absent 
( ( ) 1n ω = ), we find 
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So, we come to the result of papers [29-33]. 
 
III. Interaction between two dilute gas media 
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We will consider interaction between two plates made of dissimilar dilute dielectrics if the amount of 
excited atoms is significant.  Here, one should distinguish the two limiting cases [24]. The first case of 
short distance between the plates 1LT << , where L is the separation between the plates and T is 
temperature, has been considered in [17]. The violation of the Lifshitz formula for this case was 
demonstrated as a result of the presence of the excited atoms in the media. Here, we are going to consider 
another limiting case of large separations ( 1LT >> ). To calculate the force, we take the interaction 
potential of two atoms (36) for excited atom and ground-state atom, and (37) for two ground-state atoms.  
If we took a potential, obtained in the framework of the perturbation theory, we would come to the 
divergence of integrals (29) for excited and ground-state atoms. But if we take the potential obtained with 
the help of non-perturbative method, the result is divergent no more. To simplify the calculations, we will 
use the following model. We suppose that only the atoms located no farther than the photon free mean 
path from the interface take part in the interaction. The photon free mean path is  
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 So the integration is restricted by this distance. The exponent ( )( )exp 2Im A An Rω ω⎡ ⎤−⎣ ⎦  in the second 
term of the expression (36) will be dropped. 
After calculation for L λ>>  and  
 phL L>>   (39) 
the force per unit area is 
 ( ) ( ) ( )res nresF L F L F L= + . (40) 
The resonance force reads 
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. (41) 
To calculate the non-resonance force, we will consider the case of large distances and high temperatures 
( 1LT >> ). 
 ( ) ( ) ( )( )( )3 0 02 g ge enres gA gB A BBAF L T n n n nLπ α α= − − , (42) 
Where  ( )e eA Bn n , ( )g gBAn n  are the density numbers of the excited atoms A (B) and ground state atoms A  
(B).  
Let us compare the results obtained with the help of quantum electrodynamics (41) and (42) with the 
Lifshitz formula. For two plane media of dilute dielectrics the force, obtained using the Lifshitz formula 
[4,5] reads [34] 
( ) ( ) ( )( )( )3 0 02 g ge eLif gA gB A BBAF L T n n n nLπ α α= − −  
This formula coincides with the non-resonance contribution(42).  
If the density number of excited atoms is small, as it follows from (40), (41), and (42), the result of 
quantum electrodynamics coincides with the Lifshitz formula. 
 
For a case of thermal equilibrium, the density numbers obey the Boltzmann distribution 
expge AA An n T
ω⎛ ⎞= −⎜ ⎟⎝ ⎠ , exp
ge B
B Bn n T
ω⎛ ⎞= −⎜ ⎟⎝ ⎠ . 
If we consider two-level atoms,  
 
0
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where 0n  is the total density number of the corresponding medium. 
Consequently  
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Finally, for the force of Casimir-Polder interaction, we have 
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The photon free mean path of the dilute media can be calculated using equations (38), (22), (19) and 
( ) ( )01 4 gnω ωε = + π α . 
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Where Aγ  and Bγ  are collisional widths of the excited states of atoms A and B, which can be calculated 
as follows [35] 
0A ANat A Abrn kγ γ= + , 
0B BNat B Bbrn kγ γ= + . 
Here Natγ is the natural width of excited level, brk is the broadening rate coefficient [35], which does not 
depend on the density number of the medium. 
Substituting (45) and (46) into (43), we find 
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Here, we neglected the natural widths of excited levels of atoms. For a case of  low density numbers the 
collisional widths can be neglected in comparison with the natural one, and the second term of (47) does 
not depend on the density numbers. Consequently, if we put the density numbers equal to zero, the second 
term of (47) seams to survive. But if 0 0n =  the inequality (39) is violated, thus the formula (47) can not 
be applied for the case of small density numbers.  
Let ,A BT ω ω<< , then the number of excited atoms is low and  the second term of (47) is negligible, thus,   
expression  (47) coincides with the Lifshitz formula. It means that the force is attractive. If we consider a 
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case of the media of like atoms, namely, A Bω ω= , we obtain the Lifshitz formula as well. Strictly 
speaking we can not implement the above develop method for identical atoms, for one should take into 
account resonance coupling between the atoms which leads to new symmetric or antisymmetric 
eigenstates of the pair of atoms [36], but after averaging over all possible orientations of the dipole 
moments of the atoms this effect will be canceled. Consequently,   for identical media we come to the 
Lifshitz formula. The difference between expression (47) and the Lifshitz formula is significant for low 
density numbers or for dilute gas media for the density numbers are in the denominators of the second 
term of (47). We expect that the difference between the Lifshitz formula and the result of QED will 
disappear if the density numbers are large, so that the media could be considered as continuous ones.      
Let ,A BT ω ω>> , then the expression (47) can be rewritten as follows 
 ( ) ( ) ( )
42 2
0 08
B A
Lif
A B A B Abr Bbr
T
F L F L
L n n k k
ω ω
π ω ω
−= −  (48) 
If the second term is dominant, the interaction between the media is repulsive.  
 
IV. Summary 
We have shown that the perturbation technique can not be applied to the problem of Casimir interaction 
between two media containing excited atoms even if the media are diluted. The reason for this 
inapplicability is as follows. Obtained in the framework of the perturbation method, the interaction 
potential between a pair of atoms (if one of them is excited) for the retarded regime drops as 2R−  with the 
distance between the atoms [25,26]. If we took into account only pair interactions between the atoms of 
the media, we would have to sum the interaction potentials over all the pairs of atoms. This summation 
results in divergence.  
To handle the divergence, we developed a non-perturbative approach to the problem. We considered 
interaction between two atoms embedded in an absorbing dielectric medium. The result we obtained 
differs from the perturbation one in two respects. First, we took into account the finite widths of excited 
levels of the atoms. Second, we included possible absorption of real photons which are responsible for the 
interaction between an excited atom and a ground-state atom in retardation regime. It results in the 
exponential factor ( )( )exp 2Im A An Rω ω⎡ ⎤−⎣ ⎦ depending on the imaginary part of the refractive index of 
the medium. Now, if we sum up all the pair potentials for two media, we will come to divergence no 
more.  For two ground-state atoms embedded in a dielectric medium we obtained the results of [27].  
We calculated the Casimir force between two planes of dilute gas media. The temperatures are high 
enough for the media to contain excited atoms. We considered a retarded regime for the non-retarded one 
was treated before [17]. For   1LT >> , L λ>> , and phL L>> we obtained expression (47). We had to 
introduce a new parameter – the free mean path of the photon in the medium phL  – to this problem, 
which characterizes possible absorption of the photon in the interacting media.  
The result of quantum electrodynamics (47) differs from the Lifshitz formula which was intended for a 
case of continuous media [24] ( 30 1n λ >> ). Here, we considered an opposite case of dilute gas media 
( 30 1n λ << ). Although, the results of the Lifshitz formula and quantum electrodynamics coincide for two 
dilute gas media at low temperatures (if the number of excited atoms is negligible) [24], the coincidence 
is violated for the case of high temperatures (if the number of exited atoms if significant). The similar 
result was obtained in [17] for non-retarded case.  
The difference between the Lifshitz formula and the result of quantum electrodynamics is in the second 
term of (47). If both media are composed of the identical atoms A Bω ω=  the second term of (47) is equal 
to zero and the Lifshitz formula coincided with the QED approach. The density numbers of the media are 
in the denominator of the second term, while they are in the numerator of the Lifshitz formula(44). Thus, 
if the density numbers are high, the difference between the formulas disappears. So for dense media 
3
0 1n λ >>  both approaches lead to the same results.  
For a case of high temperatures ,A BT ω ω>> , we derived formula (48).  If the density numbers are small, 
the force becomes repulsive, while the Lifshitz formula leads to attraction.  
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